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JACOBI OSCULATING RANK AND ISOTROPIC GEODESICS ON
NATURALLY REDUCTIVE 3-MANIFOLDS
J. C. GONZÁLEZ-DÁVILA
Abstrat. We study the Jaobi osulating rank of geodesis on naturally redutive ho-
mogeneous manifolds and we apply this theory to the 3-dimensional ase. Here, eah non-
symmetri, simply onneted naturally redutive 3-manifold an be given as a prinipal
bundle M3(κ, τ ) over a surfae of onstant urvature κ, suh that the urvature of its hor-
izontal distribution is a onstant τ > 0, with τ 2 6= κ. Then, we prove that the Jaobi
osulating rank of every geodesi of M3(κ, τ ) is two exept for the Hopf bers, where it is
zero. Moreover, we determine all isotropi geodesis and the isotropi tangent onjugate
lous.
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obi osulating rank, isotropi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, isotropi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homogeneous struture
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1. Introdution
A Jaobi eld V on a homogeneous Riemannian manifold (M,g) whih is the restrition
of a Killing vetor eld along a geodesi is alled isotropi [21℄. From the homogeneity of
(M,g), it means that V is the restrition of a fundamental vetor eld of some element X in
the Lie algebra of the isometry group I(M,g) of (M,g). If moreover V vanishes at a point of
the geodesi, then X belongs to the Lie algebra of the isotropy subgroup at this point. This
partiular situation was what originally motivated the term isotropi (see [3℄ and [4℄).
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Two points p, q ∈M are said to be isotropially onjugate if there exists a nonzero isotropi
Jaobi eld V along a geodesi passing through p and q suh that V vanishes at these points.
Clearly, they are isotropially onjugate along any geodesi joining p to q. When every Jaobi
eld vanishing at p and q is isotropi, we say that they are stritly isotropi onjugate points.
On symmetri spaes, the Jaobi equation has simple solutions and one diretly obtains
that any pair of onjugate points in a Riemannian symmetri spae are stritly isotropi (see
[12℄). On [8, Remark 4.7℄ are onstruted examples of 3-symmetri spaes admitting pairs of
onjugate points whih are isotropi but not stritly isotropi. A geodesi starting at a point
p ∈ M is said to be isotropi (resp., stritly isotropi) if eah one of its onjugate points to
p is isotropi (resp., stritly isotropi). Then, all geodesi on a symmetri spae is stritly
isotropi. In the ase of a naturally redutive spae, W. Ziller in [21℄ proposed to examine
onjetures like: A naturally redutive spae with the property that all its geodesis are stritly
isotropi is loally symmetri. A positive answer to the onjeture for n ≤ 5 is given in [12℄
and in [8℄, for naturally redutive ompat 3-symmetri spaes.
The parallel translation of the Jaobi operator Rγu := R(γ
′
u, ·)γ′u along a geodesi γu
starting at the origin o of a naturally redutive homogeneous manifold (M = G/K, g) with
γ′u(0) = u, for some unit vetor u ∈ m ∼= ToM, determines a urve Ru(t) in the spae of the
self-adjoint operators S(m) of m, whih is an orbit of a one-parameter subgroup of isometries of
this spae. Then, as it is shown in Lemma 3.3, suh a urve has onstant osulating rank. We
refer to suh onstant as the Jaobi osulating rank of the geodesi γu and it will be denoted
by rankosc(u). Then, there exist smooth funtions a1, . . . , ar, where r = rankosc(u), suh that
Ru(t) = Ru(0) + a1(t)R
′
u(0) + · · ·+ ar(t)Rr)u (0),
R′u(0), . . . , R
r)
u (0) are linearly independent in S(m) and r ≤ n(n−1)2 , n = dimM. Moreover, in
Lemma 3.7 one obtains that the Jaobi osulating rank is also the osulating rank of the urve
obtained in S(m) by parallel translation of the Jaobi operator for the anonial onnetion
adapted to a redutive deomposition of (M = G/K, g).
When the Jaobi osulating rank does not depend on the hoie of the geodesi, the nat-
urally redutive homogeneous spae is said to have onstant Jaobi osulating rank. Clearly,
symmetri spaes have Jaobi onstant osulating rank zero, or equivalently all these urves
are onstant, and for the simply onneted ase, in Theorem 3.6 the onverse is stated. Then
the notion of Jaobi osulating rank an be view as a natural way to `measure' what a nat-
urally redutive homogeneous spae, or more general a g.o. spae (see Remark 3.4) moves
away from to be loally symmetri.
Some examples of non-symmetri naturally redutive spaes with onstant Jaobi osulating
rank are already known. Conretely, A. M. Naveira and A. Tarrío in [16℄ and, together with
E. Maías, in [15℄ have proved that the Berger manifold V1 = Sp(2)/SU(2) and the Wilking
manifold V3 = (SO(3) × SU(3))/U•(2), endowed this last one with a partiular bi-invariant
metri, have onstant Jaobi osulating rank two and, in the ontext of g.o. spaes, T.
Arias-Maro and A. M. Naveira in [1℄ have shown that the Jaobi osulating rank of the
six-dimensional Kaplan's example is onstant equals four. (See [11℄, for a brief survey on
isotropi Jaobi elds and Jaobi osulating rank and for further referenes.) For a general
naturally redutive homogeneous spae, the onstany of the Jaobi osulating rank is not
neessarily satised. In fat, as a onsequene from Proposition 3.9, one obtains that non-
loally symmetri naturally redutive spaes of dimension n ≤ 5, generalized Heisenberg
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groups, Berger spheres or ϕ-symmetri spaes are some examples of non-onstant Jaobi
osulating rank.
In this artile, we shall fous our attention on naturally redutive homogeneous spaes
of dimension 3. The lassiation for the simply onneted ase is well known [20℄ (see also
[6℄, [14℄). They are the symmetri spaes IR
3, S3(c), H3(−c), S2(c) × IR and H2(−c) ×
IR, where c > 0, and unimodular Lie groups equipped with a left invariant metri suh
that the dimension of their isometry groups is four. Eah one of these spaes bers as an
one-dimensional prinipal ber bundle over a omplete simply onneted surfae of onstant
urvature κ and the horizontal distribution of this bration is the kernel of a onnetion form
with onstant urvature τ, whih an be taken positive (see [9℄, [19℄). The bers are geodesis
and there exists a one-parameter family of translations along the bers, generated by a unit
Killing vetor eld ξ, the Hopf vetor eld. Then these manifolds, whih will be denoted
by M3(κ, τ), are lassied, up to isometry, in terms of the pair (κ, τ), where κ 6= τ2 and
τ > 0, into three types: Berger spheres S3(κ, τ), if κ > 0; the universal overing S˜L2(κ, τ) of
SL(2, IR)(κ, τ), if κ < 0; and the Heisenberg group H3(τ), if κ = 0.
Beause ξ is a unit Killing vetor eld, every geodesi γu on M
3(κ, τ) intersets eah ber
with a onstant slope angle θ = ang(ξo, u) ∈]0, π[.Moreover, aording with Lemma 4.2, every
pair of geodesis starting at the origin with same slope angle are related under the isotropy
ation. It allows us to prove in Theorem 4.3 that the Jaobi osulating rank of every geodesi
on M3(κ, τ) is two exept for the Hopf bers, where it is zero. Moreover, for eah slope angle
θ ∈]0, π[, the urve Ru(t) in S(m) is a irle whose radius ontrats to the point Rξo as θ
onverges to 0 or to π.
S. Engel determined in [7℄ the onjugate radius and the ut lous of M3(κ, τ), as generali-
sation of the results on Berger spheres arried out by Sasaki [18℄ and Rakotoniaina [17℄. Here,
we go forward with this researh. First, taking into aount that, by using the adapted anon-
ial onnetion, the Jaobi equation an be expressed as a dierential equation with onstant
oeients, we obtain in Theorem 5.2 all isotropi onjugate points of M3(κ, τ). Then its
isotropi geodesis an be expliitly determined. They are one-to-one geodesis without pairs
of onjugate points and with slope angle θ equals to π/2 for H3(τ) and θ ∈ [ε, π − ε], where
ε = arctan τ/
√−k, for S˜L2(κ, τ). S3(κ, τ) does not admit any isotropi geodesi. Finally, the
tangent onjugate and isotropi onjugate lous of M3(κ, τ) are given as union of surfaes of
revolution about the Hopf diretion.
2. Preliminaries
Let (M,g) be a onneted homogeneous Riemannian manifold. As it is well-known, (M,g)
an be expressed as oset spae G/K, where G is a onneted Lie group of isometries ating
transitively and eetively on M, K is the isotropy subgroup of G at some point o ∈ M,
the origin of M, and g is onsidered as a G-invariant Riemannian metri on G/K. Moreover,
we an assume that G/K is a redutive homogeneous spae, i.e., there is an Ad(K)-invariant
subspae m of the Lie algebra g of G suh that g = m ⊕ k, k being the Lie algebra of K.
Suh quotient representation of (M,g) is in general not unique. (M = G/K, g) is said to
be naturally redutive, or more preisely G-naturally redutive, if there exists a redutive
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deomposition g = m⊕ k satisfying
(2.1) < [X,Y ]m, Z > + < [X,Z]m, Y >= 0
for all X,Y,Z ∈ m, where [X,Y ]m denotes the m-omponent of [X,Y ] and <,> is the metri
indued by g on m, by using the anonial identiation m ∼= ToM. If there exists a bi-invariant
metri B on g whose restrition to m = k⊥ is the metri <,>, the (naturally redutive) spae
(M = G/K, g) is alled normal homogeneous. Then, for all X,Y,Z ∈ g, we have
(2.2) B([X,Y ], Z) +B([X,Z], Y ) = 0.
For eah X ∈ g, the mapping ψ : IR×M → M, (t, p) ∈ IR×M 7→ ψt(p) = (exp tX)p is a
one-parameter group of isometries and onsequently, ψ indues a Killing vetor eld X∗ given
by
(2.3) X∗p =
d
dt |t=0
(exp tX)p, p ∈M.
X∗ is alled the fundamental vetor eld or the innitesimal G-motion orresponding to X
on M. If G = Io(M,g), then all (omplete) Killing vetor eld on M is a fundamental vetor
eld X∗, for some X ∈ g. For any a ∈ G, we have
(2.4) (AdaX)
∗
ap = a∗pX
∗
p ,
where a∗p denotes the dierential map of a at p ∈M.
Next, let T˜ denote the torsion tensor and R˜ the orresponding urvature tensor of the
anonial onnetion ∇˜ of (M,g) adapted to the redutive deomposition g = m ⊕ k [13, I,
p.110℄ dened by the sign onvention R˜(X,Y ) = ∇˜[X,Y ] − [∇˜X , ∇˜Y ] and T˜ (X,Y ) = ∇˜XY −
∇˜YX − [X,Y ], for all X,Y ∈ X(M), the Lie algebra of smooth vetor elds on M. Then,
these tensors are given by
(2.5) T˜o(X,Y ) = −[X,Y ]m , R˜o(X,Y ) = ad[X,Y ]k
and we have ∇˜g = ∇˜T˜ = ∇˜R˜ = 0. On naturally redutive homogeneous manifolds (M =
G/K, g), the tensor eld S = ∇− ∇˜, where ∇ denotes the Levi Civita onnetion of (M,g),
is a homogeneous struture [20℄ satisfying SXY = −SYX = −12 T˜ (X,Y ), for all X,Y ∈ X(M),
and we get
(2.6) R˜XY = RXY + [SX , SY ]− 2SSXY .
Then ∇ and ∇˜ have the same geodesis and, onsequently, the same Jaobi elds (see [21℄).
Suh geodesis are orbits of one-parameter subgroups of G of type exp tu where u ∈ m. In
what follows, we shall denote by γu the unit-speed geodesi starting at the origin o with
γ′u(0) = u, ‖u‖ = 1. Then γu(t) := (exp tu)o and the Jaobi equation for ∇ oinides with
the Jaobi equation for ∇˜,
∇˜2V
dt2
− T˜γ ∇˜V
dt
+ R˜γV = 0,
where R˜γ = R˜(γ
′, ·)γ′ and T˜γ = T˜ (γ′, ·). Taking into aount that ∇˜T˜ = ∇˜R˜ = 0 and the
parallel translation with respet to ∇˜ of tangent vetors at the origin along γu oinides with
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the dierential of exptu ∈ G ating on M, it follows that any Jaobi eld V along γ(t) an
be expressed as V (t) = (exp tu)∗oX(t) where X(t) is solution of the dierential equation
(2.7) X ′′(t)− T˜uX ′(t) + R˜uX(t) = 0
in the vetor spae m, being T˜uX = T˜ (u,X) = −[u,X]m and R˜uX = R˜(u,X)u = [[u,X]k, u]
(see [12℄, [21℄ for more details).
A Jaobi eld V along γu with V (0) = 0 is said to be G-isotropi, or simply isotropi if
G = Io(M,g), if and only if there exists A ∈ k suh that V = A∗ ◦γ, or equivalently, if there
exists an A ∈ k suh that (see [12℄)
(2.8) V ′(0) = [A, u].
3. Jaobi osulating rank
Let (M = G/K, g) be a onneted naturally redutive homogeneous Riemannian manifold
with adapted deomposition g = m⊕ k. For eah t ∈ IR, denote by Ru(t) the (1, 1)-tensor on
m obtained by the parallel translation of the Jaobi operator Rγu along the geodesi γu, i.e.,
Ru(t) = τ
−t
u
◦Rγu ◦ τ
t
u,
where τ tu : ToM
∼= m → Tγu(t)M is the parallel translation with respet to ∇ along γu from
o = γu(0) to γu(t). Then Ru(t) is a urve in the n(n + 1)/2-dimensional vetor spae S(m)
of all self-adjoint operators of (m, <,>) with Ru(0) = Ru, being Ru := R(u, ·)u. S(m) is a
Eulidean vetor spae with inner produt dened by
(3.9) < K,K ′ >=
n∑
i=1
< K(ei)K
′(ei) >,
for all K,K ′ ∈ S(m), where {e1, . . . , en} is an arbitrary orthonormal basis of (m, <,>). Be-
ause, for naturally redutive spaes, the onnetion funtion Λ : m × m → m assoiated to
∇ is given by Λx(y) = 1/2[x, y]m = Sxy, for all x, y ∈ m, [13, Theorem 2.10, p.197℄ it diretly
follows
∇(exp tu)∗ov
dt |t
= (exp tu)∗oSuv,
for eah v ∈ m, and hene the parallel translation τu is given by
(3.10) τ tu = (exp tu)∗oe
−tSu ,
where e denotes the exponential map of the Lie group of the automorphisms Aut(m) of m.
Note that Su : m→ m is a skew-symmetri endomorphism of (m, <,>) and so, eSu is a linear
isometry of (m, <,>).
Lemma 3.1. We have:
(3.11) Ru(t) = AdetSuRu.
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Proof. For x, y ∈ m, using (3.10) one obtains
< Ru(t)x, y > = gγu(t)(Rγu(t)τ
t
ux, τ
t
uy) = gγu(t)(Rγu(t)(exp tu)∗oe
−tSux, (exp tu)∗oe−tSuy)
= gγu(t)((exp tu)∗oRue
−tSux, (exp tu)∗oe−tSuy) =< Rue−tSux, e−tSuy >
= < etSu ◦Ru ◦e
−tSu(x), y >=< (AdetSuRu)x, y > .
Then, we have proved (3.11). 
Hene, the urve Ru(t) in S(m) an be expressed as the power series expression
(3.12) Ru(t) = e
tadSu(Ru) =
∞∑
k=0
tk
k!
Sku · Ru,
where Su ats as a derivation on the spae of the endomorphisms End(m) of m. It proves the
following.
Lemma 3.2. We have:
Ri)u (0) = S
i
u ·Ru, for all i ∈ N.
A urve α : I → M in an arbitrary manifold M is said that has onstant osulating rank
r if for all t ∈ I, its higher order derivatives α′(t), . . . , αr)(t) are linearly independent and
α′(t), . . . , αr+1)(t) are linearly dependent in Tα(t)M. Orbits of one-parameter subgroups of a
Lie group ating on M are examples of urves with onstant osulating rank. Conretely, we
have
Lemma 3.3. Let G be a Lie group ating on M from the left and let α be the urve in M
given by α(t) = (exp tX)p, for some X ∈ g and p ∈M. Then,
αk)(t) = (exp tX)∗pαk)(0),
for all t ∈ IR and k ∈ N, and so it has onstant osulating rank.
Proof. From (2.4), taking into aount that α is the integral urve through p of the funda-
mental vetor eld X∗, we obtain α′(t) = (exp tX)∗pα′(0). Hene, it follows that α′(t+ s) =
(exp tX)∗α(s)α′(s) and then,
α′′(t) = d
dt |t(exp tX)∗pα
′(0) = d
dt |t
d
ds |s=0(exp(t+ s)X)p =
d
ds |s=0
d
dt |tα(t+ s)
= d
ds |s=0α
′(t+ s) = d
ds |s=0(exp tX)∗α(s)α
′(s) = (exp tX)∗pα′′(0).
For the general ase, we just use indution. Suppose that αi)(t) = (exp tX)∗pαi)(0), for any
i ≤ k − 1 and k ≥ 3. We obtain
αk)(t) = d
dt |t(exp tX)∗pα
k−1)(0) = d
dt |t
d
ds |s=0(exp tX)∗α(s)(exp sX)∗pα
k−2)(0)
= d
ds |s=0
d
dt |t(exp(t+ s)X)∗pα
k−2)(0) = d
ds |s=0
d
dt |tα
k−2)(t+ s) = d
ds |s=0α
k−1)(t+ s)
= d
ds |s=0(exp tX)∗α(s)α
k−1)(s) = (exp tX)∗pαk)(0).

Beause {AdetSu | t ∈ IR} is a one-parameter subgroup of the isometry group of (S(m), <
,>), it follows from Lemmas 3.1 and 3.3 that it has onstant osulating rank, the Jaobi
osulating rank of γu. For eah unit vetor u ∈ m, denote by Ru(m) the smallest subspae of
S(m) suh that Ru and Su · Ru(m) ⊂ Ru(m). From Lemma 3.2, Ru(m) is generated by Ru,
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Su ·Ru, . . . , Sru ·Ru. Hene, r = dimRu(m)−1 or r = dimRu(m) and then, taking into aount
that K(u) = 0, for eah K ∈ Ru(m), we have
rankosc(u) ≤ dimRu(m) ≤ n(n− 1)
2
.
Remark 3.4. A homogeneous Riemannian manifold (M = G/K, g) is said to be a g.o. spae
if eah geodesi starting at the origin is an orbit of an one-parameter subgroup (exp tZ) of
Z ∈ g. Naturally redutive spaes are g.o. spaes but there is a large number of examples of
g.o. spaes whih are not naturally redutive. In similar way as before, one obtains that the
parallel translation τu along the geodesi γu(t) = (exp tZ)o on a g.o. spae is given by
τ tu = (exp tZ)∗oe
−tΛu
and then the formulas (3.11), (3.12) and Lemma 3.2 hold. Hene, the notion of Jaobi
osulating rank an be diretly extended to g.o. spaes (see [1℄ for more details and referenes).
When the Jaobi osulating rank does not depend on the hoie of the geodesi, the natu-
rally redutive homogeneous manifold (M,g) is said to have onstant Jaobi osulating rank.
Lemma 3.5. Any naturally redutive homogeneous manifold (M,g) of onstant Jaobi osu-
lating rank zero is loally symmetri.
Proof. For eah unit vetor u in m, let λ1, . . . , λn be the eigenvalues and {e1, . . . , en} the
orresponding eigenvetors of the operator Ru. Beause rankosc(u) = 0, it follows that Ru(t) =
Ru, for all t ∈ IR, and then, τu ◦Ru = Rγu ◦ τu. Hene, RγuEi = λiEi, i = 1, . . . , n, where Ei is
the vetor eld along γu given by Ei(t) = τ
t
u(ei). Then {Ei, . . . , En} beomes into a parallel
frame eld of eigenvetors of the Jaobi operator Rγu with onstant eigenvalues λi and so,
(M,g) must be loally symmetri [2℄. 
Beause symmetri spaes have onstant Jaobi osulating rank zero, then we have
Theorem 3.6. A simply onneted, naturally redutive homogeneous manifold has onstant
Jaobi osulating rank zero if and only if it is a symmetri spae.
Next, we also onsider the urve R˜u(t) in S(m) obtained by the ∇-parallel translation of
R˜γu along γu. First, using (2.6), we get
(3.13) R˜γu = Rγu + S
2
γu
.
Lemma 3.7. The urves Ru(t) and R˜u(t) have the same osulating rank. Moreover, we have:
(i) R˜u(t) = Ru(t) + S
2
u.
(ii) R
i)
u (0) = R˜
i)
u (0) = Siu · R˜u, for all i ∈ N.
Proof. Beause
∇
dt
= ∇˜
dt
+ Sγu , one obtains
∇Sγu
dt
=
∇˜Sγu
dt
and, using that ∇˜S = 0, the
tensor eld Sγu is ∇-parallel along γu, or equivalently, τ tu ◦Su = Sγu ◦ τ tu. Then, the urve
Su(t) = τ
−t
u
◦Sγu ◦ τ
t
u is onstant and (i) follows by using (3.13). Now, using Lemma 3.2, we
also get (ii). 
On naturally redutive homogeneous spaes (M = G/K, g), any G-invariant (unit) vetor
eld is Killing and so, eah one of its integral urves is a geodesi.
Lemma 3.8. The Jaobi osulating rank of eah integral urve of a G-invariant vetor eld
is zero.
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Proof. Put u = Uo ∈ m. Then u is Ad(K)-invariant and it implies [k, u] = 0 and from (2.5),
R˜u = 0. Beause R˜ is G-invariant, it follows that R˜γu ◦ (exp tu)∗o = (exp tu)∗o ◦ R˜u and then
R˜γu vanishes along γu. From Lemma 3.7, rankosc(u) = 0. 
Hene, using Lemma 3.5, we have
Proposition 3.9. Any non-loally symmetri naturally redutive spae (M = G/K, g) with
a G-invariant vetor eld has non-onstant Jaobi osulating rank.
In [12, Lemma 5.5℄ it is proved that any non-loally symmetri naturally redutive spae
(M,g) of dimension n ≤ 5 admits a naturally redutive quotient representation G/K and a
(non-parallel) G-invariant unit vetor eld. Then, we an onlude
Corollary 3.10. Any non-loally symmetri naturally redutive spae of dimension n ≤ 5
has non-onstant Jaobi osulating rank.
Remark 3.11. Simply onneted Killing-transversally symmetri spaes are introdued in
[10℄ as simply onneted Riemannian manifolds equipped with a omplete unit Killing vetor
eld ξ suh that all reetions with respet to its integral urves are isometries. This family
of naturally redutive spaes ontains to M3(κ, τ), for all κ and τ > 0, and ξ is G-invariant
with respet to a naturally redutive representation M = G/K. The dual one-form of ξ with
respet to the metri is a ontat form if and only if it is irreduible [10, Theorem 5.1℄. Then
we an give a lot of examples of irreduible naturally redutive spaes with non-onstant
Jaobi osulating rank: Generalized Heisenberg groups equipped with suitable left-invariant
metris, Berger's spheres, ϕ-symmetri spaes, Sasakian spae forms, et.
4. Jaobi osulating rank of geodesis on M3(κ, τ)
A naturally redutive deomposition for the Lie algebra of the isometry group and an
adapted anonial onnetion forM3(κ, τ) are obtained in [20℄ by using of naturally redutive
homogeneous strutures. Next, we give a brief summary from Theorems 6.4 and 6.5 in [20℄. A
non-vanishing naturally redutive homogeneous struture on an arbitrary three-dimensional
(oriented) Riemannian manifold (M3, g) an be expressed as S = λdv, for some non-zero
onstant λ, where dv is the volume form on M3 and S also denotes the 3-form S(X,Y,Z) =
g(SXY,Z), for all X,Y,Z ∈ X(M3). Beause S and −S are isomorphi strutures, we an
take λ > 0. Then there exists an orthonormal basis {e1, e2, e3} of m ∼= ToM3 suh that
(4.14) Se1e2 = λe3, Se3e1 = λe2, Se2e3 = λe1.
For M3(κ, τ), putting e3 = ξo, we get λ =
τ
2 and R˜ is expressed as
(4.15) R˜e1e2 = (κ− τ2)A12, R˜e1e3 = 0, R˜e2e3 = 0,
where A12 is the skew-symmetri endomorphism on m given by
A12e1 = e2, A12e2 = −e1, A12e3 = 0.
Note that if κ = τ2, then R˜ vanishes and M3(κ, τ) is an Einstein manifold and hene, of
onstant urvature. The holonomy algebra k of ∇˜ is generated by A12 and the transvetion
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algebra tr(m) = m⊕ k is generated by {e1, e2, e3, A12} with Lie braket given by
(4.16)
{
[e1, e2] = τe3 + (κ− τ2)A12, [e1, e3] = −τe2, [e2, e3] = τe1
[A12, e1] = e2, [A12, e2] = −e1, [A12, e3] = 0.
Hene, putting
(4.17) u1 = e1, u2 = e2, u3 = e3 +
κ− τ2
τ
A12,
the subspae h of tr(m) generated by u1, u2, u3 is a three-dimensional unimodular Lie algebra
and the linear isometry f : ToM
3(κ, τ) ∼= m → h given by f(ei) = ui, i = 1, 2, 3, determines
a (unique) isometry from M3(κ, τ) to the onneted and simply onneted Lie group with
Lie algebra h equipped with the left invariant metri suh that {u1, u2, u3} is an orthonormal
basis. Then we an identify M3(κ, τ) with this unimodular Lie group and u3 with the Hopf
vetor eld ξ. From (4.17), we get
(4.18)
[u1, u2] = τu3, [u2, u3] =
κ
τ
u1, [u3, u1] =
κ
τ
u2,
[A12, u1] = u2, [A12, u2] = −u1, [A12, u3] = 0.
Hene, it follows that tr(m) is a semi-diret sum h×β k of h and k where β is the homomorphism
of k into End(h) given by β(A12)u1 = u2, β(A12)u2 = −u1, β(A12)u3 = 0 and we have
∇Xξ = τ
2
X × ξ,
where × denotes the vetor produt in h. It implies that ξ is a unit Killing vetor eld and so,
the geodesi γe3(t) = (exp te3)o oinides with its integral urve through the origin. Moreover,
the setional urvature K(X, ξ) of the two-plane spanned by X, ξ is a non-negative onstant
c2, alled the ξ-setional urvature [10℄, given by c2 = τ
2
4 and {u1, u2, ξ} is in fat a basis
of eigenvetors for the Rii tensor ρ with ρ(u1, u1) = ρ(u2, u2) = κ − τ22 and ρ(ξ, ξ) = τ
2
2 .
Furthermore, ξ is the vertial eld of the brationM3(κ, τ) →M3/ξ = M2(κ). ThenM3(κ, τ)
is a prinipal G1-bundle, where G1 denotes the one-parameter subgroup of global isometries
ϕt generated by ξ. G
1
is isomorphi to either the irle group S1 or to IR depending on
whether the integral urves of ξ are losed or not. In partiular, G1 is a irle when M3(κ, τ)
is ompat. If c = 0, or equivalently τ vanishes, this bration beomes trivial and we get
the produt spaes M2(κ)× IR. For κ > 0, the metris g = gκ,τ are known as Berger metris
and the orresponding bration, as the Hopf bration. Here, as it has been already said, ξ is
alled the Hopf vetor eld of M3(κ, τ), even for the ases κ ≤ 0.
We shall use the following result, whih an be of interest by itself.
Lemma 4.1. Eah non-symmetri onneted and simply onneted three-dimensional normal
homogeneous manifold is isometri to S3(κ, τ), for some pair (κ, τ) suh that κ > τ2.
Proof. The set of all inner produts on tr(m) whose restrition to m is <,> and suh that k is
orthogonal to m form an one-parameter family {Br | r > 0}, where Br(A12, A12) = r. Then,
from (2.2) and using (4.16), Br is bi-invariant if and only if r =
1
κ−τ2 . So, the existene of
bi-invariant metris on M3(κ, τ) is determined by the ondition κ− τ2 > 0. 
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Eah u ∈ m an be written as u(θ, φ) = sin θ cosφe1+sin θ sinφe2+cos θe3, where θ ∈ [0, π]
and φ ∈ [0, 2π]. Then, we get
(4.19) u(θ, φ) = eφA12u(θ),
where u(θ) denotes the unit vetor in the plane IR{e1, e3} given by u(θ) = u(θ, 0).
Lemma 4.2. We have:
(a) (exp φA12)γu(θ) = γu(θ,φ).
(b) Su(θ,φ) = AdeφA12Su(θ), R˜u(θ,φ) = AdeφA12 R˜u(θ), Ru(θ,φ) = AdeφA12Ru(θ).
() Ru(θ,φ)(t) = AdeφA12Ru(θ)(t).
(d) rankoscu(θ, φ) = rankoscu(θ), for all φ ∈ [0, 2π].
Proof. From (4.16), we get Adexp φA12 = e
φadA12 = eφA12 . Then (4.19) an be written as
u(θ, φ) = Adexp φA12u(θ).
Hene, (a) follows taking into aount that the ation of the linear isotropy group of the
isotropy subgroup K of M3(κ, τ) at the origin orresponds under projetion with Ad(K) on
m. Note that K is onneted beause M3(κ, τ) is simply onneted and then it oinides with
the one-parameter subgroup expφA12.
In (b), we shall only prove the rst equality, the other two are obtained in similar way.
Beause the tensor eld S is invariant for the isometry group of M3(κ, τ), S as tensor on m
is Ad(K)-invariant and then Su(θ,φ) ◦Adexp φA12 = Adexp φA12 ◦Su(θ). Hene, we obtain
Su(θ,φ) = AdAdexp φA12Su(θ) = AdeφA12Su(θ).
For (), we use Lemma 3.2 and (b) to obtain
(4.20) R
i)
u(θ,φ)(0) = AdeφA12R
i)
u(θ)(0).
Finally, beause AdeφA12 belongs to Aut(S(m)), we have (d). 
Therefore, we may restrit our study of the geometry of geodesis on M3(κ, τ) to geodesis
emanating from the origin with initial diretions u(θ), θ ∈ [0, π].
Theorem 4.3. The Jaobi osulating rank of every geodesi γu on M
3(κ, τ) is two exept for
the Hopf bers, where it is zero. Moreover, we have:
(i) Ru(t) = Ru +
1
τ
(
sin τtR′u(0) +
1
τ
(1 − cos τt)R′′u(0)
)
.
(ii) For eah u = u(θ, φ) with θ ∈]0, π[, Ru(t) is a irle in S(m) of radius
√
2
2 |τ2−κ| sin2 θ.
Proof. With respet to the basis {e1, e2, e3} on m, using (4.14) and (4.15), we get
Su(θ) =
τ
2
 0 − cos θ 0cos θ 0 − sin θ
0 sin θ 0
 ; R˜u(θ) = 2τ2µ(θ)
 0 0 00 −1 0
0 0 0
 ,
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where µ(θ) = τ
2−κ
2τ2
sin2 θ. Note that µ(θ) = 0 if and only if θ = 0 or θ = π, i.e. on the Hopf
diretion. By a diret omputation, we have
Su(θ) · R˜u(θ) = τ3µ(θ)
 0 cos θ 0cos θ 0 − sin θ
0 − sin θ 0

and
S2u(θ) · R˜u(θ) = τ4µ(θ)
 − cos
2 θ 0 sin θ cos θ
0 1 0
sin θ cos θ 0 − sin2 θ
 .
Moreover, one obtains S3
u(θ) · R˜u(θ) = −τ2Su(θ) · R˜u(θ) and S4u(θ) · R˜u(θ) = −τ2S2u(θ) · R˜u(θ).
Therefore, taking into aount that Sk+1 · R˜u(θ) = Su(θ) ◦ (Sk · R˜u(θ)) − (Sk · R˜u(θ)) ◦Su(θ), it
follows by the indution
(4.21)
S2k−1
u(θ) · R˜u(θ) = (−1)k−1τ2(k−1)Su(θ) · R˜u(θ),
S2k
u(θ) · R˜u(θ) = (−1)k−1τ2(k−1)S2u(θ) · R˜u(θ).
Then, from Lemma 3.7 and Lemma 4.2 (d), we obtain that rankoscu(θ, φ) = 2 if θ ∈]0, π[
and rankosc(±e3) = 0 and it proves the rst part of the Theorem. Moreover, (i) follows from
(4.21), using Lemma 3.7, Lemma 4.2 (b) and (4.20).
For θ ∈]0, π[, the elements {v1(θ), v2(θ), v3(θ)} of S(m) given by the matries
v1(θ) =
√
2
2
 0 cos θ 0cos θ 0 − sin θ
0 − sin θ 0
 , v2(θ) = √22
 − cos
2 θ 0 sin θ cos θ
0 1 0
sin θ cos θ 0 − sin2 θ
 ,
v3(θ) =
√
2
2
 − cos
2 θ 0 sin θ cos θ
0 −1 0
sin θ cos θ 0 − sin2 θ

onstitute an orthonormal basis for Ru(θ)(m) in (S(m), <,>) and we get
(4.22)
R˜u(θ) =
√
2τ2µ(θ)(v3(θ)− v2(θ)), S2u(θ) =
√
2
4 τ
2v3(θ),
R′
u(θ)(0)=
√
2τ3µ(θ)v1(θ), R
′′
u(θ)(0)=
√
2τ4µ(θ)v2(θ),
Ru(θ) =−
√
2
4 τ
2
(
4µ(θ)v2(θ) + (1− 4µ(θ))v3(θ)
)
.
Hene, (i) implies that
Ru(θ)(t) =
√
2τ2µ(θ)
(
sin τtv1(θ)− cos τtv2(θ)
)
+
√
2
4
τ2(µ(θ)− 1)v3(θ).
Then, putting Ru(θ)(m) ∼= IR3[x, y, z], where x, y, z are the artesian oordinates with respet
to {v1(θ), v2(θ), v3(θ)}, Ru(θ)(t) is the irle in the plane z =
√
2
4 τ
2(µ(θ) − 1) suh that x =√
2τ2µ(θ) sin τt, y = −√2τ2µ(θ) cos τt. Beause the Eulidean produt <,> of S(m), dened
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in (3.9), oinides with the trae form of End(m), it is, in partiular, Ad(eφA12)-invariant and
so, (ii) follows from Lemma 4.2 (), taking into aount that S2
u(θ,φ) = AdeφA12S
2
u(θ). 
Remark 4.4. The irle Ru(θ,φ)(t) is in the plane of S(m) determined by its entre, i.e. the
point (4µ(θ) − 1)S2
u(θ,φ), and the subspae generated by R
′
u(θ,φ)(0) and R
′′
u(θ,φ)(0); its period
is
2pi
τ
and it ontrats to Rξ0 when θ onverges to 0 or to π.
5. Isotropi onjugate points in M3(κ, τ)
Next, we determine all pairs of onjugate points of M3(κ, τ) and those whih are isotropi
or stritly isotropi. As before, we only need to onsider geodesis γu(θ), with θ ∈ [0, π]. Note
that if γu(θ) is an isotropi geodesi, then γu(θ,φ) is also isotropi. From (2.8), a Jaobi eld
V along γu(θ) in M
3(κ, τ), with V (0) = 0 is isotropi if and only if V ′(0) is ollinear with e2.
Hene, dim Isot(γu(θ,φ)) = 1 if θ ∈]0, π[ and zero for the bers of M3(κ, τ), where Isot(γu(θ,φ))
denotes the spae of all isotropi Jaobi elds along γu(θ,φ) vanishing at the origin. Moreover,
V along γu(θ,φ) is isotropi if and only if V
′(0) is ollinear with eφA12e2 = − sinφe1 + cosφe2.
Therefore, we also have
Lemma 5.1. All pair of isotropi onjugate points in M3(κ, τ) are stritly isotropi and all
isotropi geodesi is stritly isotropi.
Now, we prove the main theorem of this setion.
Theorem 5.2. A geodesi γ(t) on M3(κ, τ) starting at the origin with slope angle θ admits
onjugate points to the origin if and only if λ(θ) > 0, where λ is the funtion given by
λ(θ) := κ sin2 θ + τ2 cos2 θ. Moreover, we have:
(i) The onjugate points along the Hopf bers are at t = 2pip
τ
, p ∈ N, their multipliity is
2 and they are not isotropi.
(ii) For θ ∈]0, π[, the onjugate points along γ to the origin are all γ( s√
λ(θ)
), where
1. s = 2pπ, p ∈ N,
or
2. s is a solution of the equation tan s2 = µ(θ)s, where µ(θ) =
τ2−κ
2τ2 sin
2 θ.
In the rst ase, they are stritly isotropi and the seond one, they are not isotropi.
In both ases, their multipliity is 1.
Proof. First, we shall show that the tangent onjugate lous conj(M3(κ, τ)) of the origin is
given by
conj(M3(κ, τ)) = { s√
λ(θ)
u(θ, φ) | λ(θ) > 0, s ∈ Z+(fθ)},
where Z
+(fθ) is the set of zeros s ∈ IR+ of fθ(s) = 1− cos s−µ(θ)s sin s. (See Fig. 1 and Fig.
2).
The Jaobi equation (2.7) for geodesis γu(θ) may be expressed, from (4.14) and (4.15), as
(5.23)

X1
′′ − τ cos θX2′ = 0,
X2
′′
+ τ(cos θX1
′ − sin θX3′)− 2τ2µ(θ)X2 = 0,
X3
′′
+ τ sin θX2
′
= 0,
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where the solutions X(t) in m are given by X(t) =
∑3
i=1X
i(t)ei. If θ = 0 or θ = π, then it
redues to 
X1
′′ − τX2′ = 0,
X2
′′
+ τX1
′
= 0,
X3
′′
= 0
and the Jaobi solutions X suh that X(0) = 0 are given by
X(t) = (A(1− cos τt)−B sin τt)e1 + (A sin τt+B(1− cos τt)e2 + Cte3,
where A, B, C are onstant. Hene, the onjugate points to the origin along the geodesi
γ(t) = (exp te3)o are given by γ(2πp/τ), for p ∈ Z∗, the multipliity of eah one of them is 2
and they are not isotropi using (2.8). It proves (i).
Next, we suppose that θ ∈]0, π[. Dierentiating the seond equality and substituting in it
the rst and the seond one, the system (5.23) an be redued to
(5.24)
 X
1′′ = τ cos θY,
Y ′′ + λY = 0,
X3
′′
= −τ sin θY,
where Y = X2
′
. If λ = λ(θ) > 0, then Y = A cos
√
λt + B sin
√
λt, where A and B are
onstants. It is straightforward to hek that the solutions Xi(t) of above system suh that
Xi(0) = 0, i = 1, 2, 3, for θ 6= pi2 are given by
X1(t) = τ cos θ
λ
(
A(1− cos
√
λt)−B sin
√
λt+C
√
λt
)
,
X2(t) = 1√
λ
(
A sin
√
λt+B(1− cos√λt)
)
,
X3(t) = − τ sin θ
λ
(
A(1− cos√λt) +B( τ2−κ
τ2
√
λt− sin√λt)− C cot2 θ√λt
)
.
Then the ar length t, t 6= 0, at the onjugate points along γ are the zeros of the determinant∣∣∣∣∣∣∣∣
1− cos√λt − sin√λt 1
sin
√
λt 1− cos√λt 0
1− cos
√
λt τ
2−κ
τ2
√
λt− sin
√
λt − cot2 θ
∣∣∣∣∣∣∣∣ .
For θ = pi2 , the orresponding solutions are given by
X1(t) = Ct
X2(t) = 1√
κ
(
A sin
√
κt+B(1− cos√κt)
)
,
X3(t) = − τ
κ
(
A(1− cos√κt) +B( τ2−κ
τ2
√
κt− sin√κt
)
.
Hene, making straight alulations and putting s = s(t) =
√
λt, one obtains that for both
ases the problem to nd the onjugate points to the origin, redues to nd the zeros of the
funtion fθ(s) = 1 − cos s − µ(θ)s sin s, for θ ∈ [0, π]. Hene, it follows that sin s = 0, or
equivalently s ∈ 2πZ, or, putting µ = µ(θ),
cos s =
1− µ2s2
1 + µ2s2
, sin s =
2µs
1 + µ2s2
,
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whih yields to the equation tan s2 = µs. Beause the rank of these matries is two, the
multipliity nγu(θ)(s/
√
λ(θ)) of the onjugate point γu(θ)(s/
√
λ(θ)) is one. Moreover, the
spae of isotropi Jaobi elds along γ are spanned by V (t) = (exp tu)∗oX(t), where
X(t) = τ cos θ(1− cos
√
λt)e1 +
√
λ sin
√
λte2 − τ sin θ(1− cos
√
λt)e3.
Therefore, the isotropi onjugate points to the origin are all γ(t) with t
√
λ(θ) ∈ 2πZ∗.
For the rest of the ases, that is for λ(θ) ≤ 0, one an hek by straightforward omputations
that the geodesi γu(θ) does not admit onjugate points to the origin, whih proves the rst
part of the theorem. We have also proved that Z
+(fθ) = {2pπ | p ∈ N}, if θ = 0 or θ = π and
Z
+(fθ) = {2pπ | p ∈ N}
⋃{s ∈ IR | tan s2 = µ(θ)s} if θ ∈]0, π[. Hene, using Lemma 5.1, we
get (i) and (ii). 
Next, we give some appliations of Theorem 5.2. We start determining the isotropi
geodesis of M3(κ, τ).
5.1. Isotropi geodesis. As well-known, every maximal geodesi of a homogeneous Rie-
mannian manifold is either one-to-one or simply losed.
Proposition 5.3. We have:
(i) All losed geodesi on M3(κ, τ) starting at the origin with slope angle θ ∈]0, π[ admits
isotropi onjugate points and its length is a integer multiple of
2pi√
λ(θ)
.
(ii) Any isotropi geodesi is one-to-one.
Proof. Let γu be a losed geodesi starting at the origin with length l and slope angle θ ∈]0, π[.
Then the vetor eld V = A∗12 ◦γu along γu satises V (0) = V (l) = 0. Moreover, it is an non
zero isotropi Jaobi eld. In fat, we have (see, for example [21, p. 577℄)
V ′(0) = [A12, u] = A12(u) 6= 0.
Hene, γu(0) and γu(l) (γu(0) = γu(l) is the origin of M
3(κ, τ)) are isotropi onjugate points
and, using Theorem 5.2, there exists p ∈ N suh that l = 2ppi√
λ(θ)
. It proves (i). Beause
the existene of isotropi onjugate points to the origin along a geodesi implies also, using
Theorem 5.2, the existene of non-isotropi onjugate points, (i) allows to show (ii). 
In [7, Corollary 3.8 and Proposition 3.10℄, S. Engel has proved that a geodesi on M3(κ, τ)
with slope angle θ ∈]0, π[, suh that λ(θ) > 0 intersets the Hopf ber through the origin
periodially at the points γ(2pπ/
√
λ(θ)), p ∈ N. Then, using Theorem 5.2, we an show the
following.
Proposition 5.4. Any geodesi on M3(κ, τ) starting at the origin with slope angle θ ∈]0, π[
intersets the Hopf ber through the origin exatly at its isotropi onjugate points.
From here and using Theorem 5.2, we have
Corollary 5.5. Let γ be a geodesi in M3(κ, τ) with slope angle θ ∈]0, π[. Then the following
statements are equivalent:
(i) γ is isotropi;
(ii) γ does not admit any pair of onjugate points;
(iii) γ intersets eah Hopf ber only at a unique point.
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Remark 5.6. The Hopf bers ofH3(τ) and S˜L2(κ, τ) are one-to-one geodesis and on S
3(κ, τ)
they are simple losed geodesis with the same length (see [10℄). For the Berger metri
obtained upon saling the bers of the length 2π of the Hopf bration S3(1)→ S2(4) = S3/S1,
where S3(κ) or S2(κ) denote the orrespoding spheres of radius 1√
κ
, the length of its bers is
l = |2πc|, c2 being the ξ-setional urvature. For S3(κ, τ) → S2(κ), taking into aount that
metri of S2(κ) is given by a homotheti hange from the metri of S2(4) with oeient 4
κ
,
it follows that l is given by l = 4piτ
κ
.
Using the above results and taking into aount that a geodesi without pairs of onju-
gate points is onsidered by denition stritly isotropi, we an onlude with the following
orollaries.
Corollary 5.7. On H3(τ), we have:
(i) All geodesi is one-to-one.
(ii) A geodesi is isotropi if and only if its slope angle is θ = π/2.
Corollary 5.8. On S˜L2(κ, τ), we have:
(i) All geodesi is one-to-one.
(ii) A geodesi is isotropi if and only if its slope angle θ belongs to [ε, π − ε], where
ε = arctan τ√−κ .
Aording with [7, Corollary 3.12℄, a geodesi on S3(κ, τ) with slope angle θ ∈]0, π[ is losed
if and only if
τ2−κ√
λ(θ)
cos θ ∈ Q. Then, using Proposition 5.3, it follows
Corollary 5.9. On S3(κ, τ), we have:
(i) A geodesi with slope angle θ ∈]0, π[ is losed if and only if its length l satises
l
2π
(τ2 − κ) cos θ ∈ Q.
(ii) Any geodesi is not isotropi and it admits onjugate points.
5.2. Conjugate radius. Denote by ρconj(θ) the onjugate radius of a geodesi γ on M
3(κ, τ)
with slope angle θ emanating from the origin. If ρconj(θ) is nite, it is the distane along γ
from the origin to its rst onjugate point. Put IM3(κ,τ) = {θ ∈ [0, π] | λ(θ) > 0}. Then,
IH3(τ) = [0,
pi
2 [∪]pi2 , π], IS3(κ,τ) = [0, π] and IgSL2(κ,τ) = [0, ε[∪]π − ε, π], where ε = arctan
τ√−κ .
Hene, one obtains µ(θ) < 1/2 for all θ ∈ IM3(κ,τ) and moreover, 0 ≤ µ(θ) < 1/2, if κ < τ2,
and µ(θ) ≤ 0, if κ > τ2. See Fig. 1 and Fig. 2 for the behaviour of fθ(s) in both ases.
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pipi pi pi pipi pipi
=µ(θ)
=µ(θ)
= θ( )
= θ( )
(θ)(θ) (θ) (θ)
κ < τ κ > τ(0 < µ(θ) < 1/2) (µ(θ) < 0)
Proposition 5.10. We have:
(i) The onjugate radius ρconj(θ) satises
ρconj(θ) =

+∞ if θ /∈ IM3(κ,τ),
2pi√
λ(θ)
if κ < τ2, θ ∈ IM3(κ,τ),
s0(θ)√
λ(θ)
, if κ > τ2,
where s0(θ) ∈]π, 2π[ and tan s0(θ)2 = µ(θ)s0(θ).
(ii) The rst onjugate point of γ is isotropi if and only if κ < τ2 and θ ∈]0, π[.
Proof. Beause (tan s2 )
′(0) = 12 , the equation tan
s
2 = µ(θ)s has solutions in ]0, 2π[ if and only
if µ(θ) ∈]−∞, 0[∪]1/2,+∞[. Then, from Theorem 5.2, ρconj(θ) = 2π/
√
λ(θ) if 0 ≤ µ(θ) < 1/2
and ρconj(θ) = s0(θ)/
√
λ(θ) if µ(θ) ∈]−∞, 0[. It gives the result. 
Remark 5.11. The rst onjugate points to the origin for the Berger's spheres M3α given by
M3α = S
3(4, 2 sinα), α ∈]0, π/2], has been determined by I. Chavel [5℄ (see also [18, Lemma
2.3℄, [17, Proposition 3.1℄). This result is a partiular ase of the above proposition.
For κ > τ2, one obtains that θ = π/2 minimises µ(θ) and so it is also a minimum for the
map s0. Hene, the following result is immediate.
Corollary 5.12. The onjugate radius ρconj(M
3(κ, τ)) of M3(κ, τ) satises
ρconj(M
3(κ, τ)) =

2pi
τ
, if κ < τ2
s0(
pi
2
)√
κ
, if κ > τ2.
From Lemma 4.1, one diretly obtains the following.
Proposition 5.13. A simply onneted non-symmetri 3-dimensional homogeneous manifold
is normal if and only if all its rst onjugate points of a xed point are not isotropi.
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5.3. Tangent onjugate lous. Denote by sp, p ∈ N, the smooth map sp :]0, π[→]2pπ, 2(p+
1)π[ where sp(θ) ∈ Z+(fθ), that is, sp(θ) is the (unique) solution of the equation tan s2 = µ(θ)s,
suh that sp(θ) ∈]2pπ, 2(p + 1)π[. Then, as one an see in Fig 1 and Fig 2, we get:
a) If κ < τ2, limθ→0+ sp(θ) = limθ→pi− sp(θ) = 2pπ, sp(pi2 ) is a maximum for sp on ]0, π[
and sp(]0, π[) ⊂]2pπ, (2p + 1)π[.
b) If κ > τ2, limθ→0+ sp(θ) = limθ→pi− sp(θ) = 2(p + 1)π, sp(pi2 ) is a minimum and
sp(]0, π[) ⊂](2p + 1)π, 2(p + 1)π[.
We an extend sp to [0, π] taking sp(0) = sp(π) = 2pπ, if κ < τ
2, and sp(0) = sp(π) =
2(p+1)π, if κ > τ2. Moreover, if τ2−κ→ +∞, then sp(θ)→ (2p+1)π− and if τ2−κ→ −∞,
then sp(θ)→ (2p + 1)π−, for all θ ∈]0, π[.
Denote by conjIsot(M
3(κ, τ)) the isotropi tangent onjugate lous ofM3(κ, τ). Then, using
Theorem 5.2 and Proposition 5.10, we get
Lemma 5.14. The tangent onjugate lous conj(M3(κ, τ)) is the union of the following regular
surfaes of revolution:
conj(M3(κ, τ)) =

⋃
p∈N S
1
p ∪ S2p, if κ < τ2,
S
2
0 ∪
(⋃
p∈N S
1
p ∪ S2p
)
, if κ > τ2,
and
conjIsot(M
3(κ, τ)) =
⋃
p∈N
(
S
1
p \ {(0, 0,±
2pπ
τ
)}
)
,
where S
1
p = { 2ppi√λ(θ)u(θ, φ)}, S
2
0 = { s0(θ)√λ(θ)u(θ, φ)} and S
2
p = { sp(θ)√λ(θ)u(θ, φ)}, for eah p ∈ N,
and for all θ ∈ IM3(κ,τ) and φ ∈ [0, 2π].
Remark 5.15. S
1
p is the surfae generated by revolving the urve α
1
p(θ) = (2pπ/
√
λ(θ))u(θ),
for p ∈ N and θ ∈ IM3(κ,τ), S2p by revolving the urve α2p(θ) = (sp(θ)/
√
λ(θ))u(θ) and S20, for
p = 0. All these surfaes are regular. In fat, using that limθ→0+ s′p(θ) = limθ→pi− s′p(θ) =
0 and putting m = IR3[x, y, z], where x, y, z are the artesian oordinates with respet to
{e1, e2, e3}, we get
limθ→0+(α1p)′(θ) = − limθ→pi−(α1p)′(θ) = (2ppiτ , 0, 0)
limθ→0+(α2p)′(θ) = − limθ→pi−(α2p)′(θ) = (2ppiτ , 0, 0), if κ < τ2,
limθ→0+(α2p)′(θ) = − limθ→pi−(α2p)′(θ) = (2(p+1)piτ , 0, 0), if κ > τ2.
For the Heisenberg group H3(τ), Lemma 5.14 gives
Proposition 5.16. We have:
(i) The tangent onjugate lous conj(H3(τ)) of H3(τ) is given by the union the planes
Π±p : z = ±2pipτ , p ∈ N, and the surfaes of revolution parameterised as
~x±p (θ, φ) =
sp(θ)
τ
(tan θ cosφ, tan θ sinφ,±1), θ ∈ [0, π
2
[.
(ii) conjIsot(H3(τ)) =
⋃
p∈N
(
Π±p \ {(0, 0,±2ppiτ )}
)
.
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(iii) The rst tangent onjugate lous conj1(H3(τ)) of H3(τ) are the planes Π
±
1 : z = ±2piτ .
(iv) The rst onjugate points to the origin are all isotropi up to the points γ(±2pi
τ
), where
γ is the Hopf ber through the origin.
From Theorem 5.2, (x, y, z) belonging to conj(M3(κ, τ)) satises
x =
s sin θ cosφ√
λ(θ)
, y =
s sin θ sinφ√
λ(θ)
, z =
s cos θ√
λ(θ)
,
for θ ∈ IM3(κ,τ) and s ∈ Z+(fθ). Then, we have x2+ y2+ z2 = s
2
λ(θ) and for κ 6= 0, one obtains
λ(θ) = κs
2
s2−(τ2−κ)z2 . Hene, we get κ(x
2 + y2) + τ2z2 = s2. It implies that the surfaes S1p, for
p ∈ N, in Lemma 5.14 are ellipsoids if κ > 0, and hyperboloids of two sheets if κ < 0, and
S
2
p are surfaes of revolution generated by revolving the urve κx
2 + τ2z2 = s2p(θ) about the
z-axis for p ∈ N ∪ {0}. Therefore, one an onlude with the following results:
Proposition 5.17. We have:
(i) The tangent onjugate lous conj(S3(κ, τ)) of S3(κ, τ) is given by the union of:
(a) the ellipsoids Ep : κ(x
2 + y2) + τ2z2 = 4p2π2, p ∈ N;
(b) the surfaes of revolution Sp, for all p ∈ N, generated by revolving the urve
κx2(θ) + τ2z2(θ) = s2p(θ) about the z-axis and moreover, for p = 0, when κ > τ
2.
(ii) conjIsot(S
3(κ, τ)) =
⋃
p∈N
(
Ep \ {(0, 0,±2ppiτ )}
)
.
(iii) If κ < τ2, conj1(S3(κ, τ)) = E1.
(iv) If κ > τ, conj1(S3(κ, τ)) = S0.
Proposition 5.18. We have:
(i) The tangent onjugate lous conj(S˜L2(κ, τ)) of S˜L2(κ, τ) is given by the union of:
(a) the hyperboloids of two sheets Hp : κ(x
2 + y2) + τ2z2 = 4p2π2, p ∈ N;
(b) the surfaes of revolution Sp, for all p ∈ N, generated by revolving the urve
κx2(θ) + τ2z2(θ) = s2p(θ) about the z-axis.
(ii) conjIsot(S˜L2(κ, τ)) =
⋃
p∈N
(
Hp \ {(0, 0,±2ppiτ )}
)
.
(iii) conj1(S˜L2(κ, τ)) = H1.
(iv) The rst onjugate points to the origin are all isotropi up to the points γ(±2pi
τ
), where
γ is the Hopf ber through the origin.
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